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ON A PROBLEM OF GEOMETRY OF NUMBERS ARISING IN 

SPECTRAL THEORY 


YURI A. KORDYUKOV AND ANDREY A. YAKOVLEV 
Dedicated to the memory of Arlen Mikhailovich Ilyin 

Abstract. We study a lattice point counting problem for a class of families of 
domains in a Euclidean space. This class consists of anisotropically expanding 
bounded domains, which remain unchanged along some fixed linear subspace 
and expand in directions, orthogonal to this subspace. We find the leading term 
in the asymptotics of the number of lattice points in such family of domains 
and prove remainder estimates in this asymptotics under various conditions 
on the lattice and the family of domains. 

As a consequence, we prove an asymptotic formula for the eigenvalue dis¬ 
tribution function of the Laplace operator on a flat torus in adiabatic limit 
determined by a linear foliation with a nontrivial remainder estimate. 


1. Introduction 


1.1. Statement of the problem. The paper is devoted to lattice point counting 
problems for some families of anisotropically expanding domains in a Euclidean 
space. More precisely, consider a finite-dimensional real vector space E endowed 
with an inner product (•,•). Let E be a p-dimensional linear subspace of E and 
H = F-^ the g-dimensional orthogonal complement oi F, p -\- q = n := dimE. For 
any e > 0, define a linear transformation : E —>■ E by 



( 1 . 1 ) 


Let r C E be a lattice in E. For any bounded open subset S in E, we denote 
by ne(5') the number of points of F in the set T^^S): 


( 1 . 2 ) 


ne(^) = #(T(5)nr), £>0. 


The main purpose of the paper is to study the asymptotic behavior of ne(S') as 
£ —0. In the particular case when E is the linear space M" equipped with the 
standard Euclidean structure and F = Z", this problem was studied in glElle]. 
Lattice point counting problems for families of anisotropically expanding domains 
were also investigated in considerable detail in the papers [TUI HU m |U]- These 
papers are devoted to the study of anomalously small, particularly logarithmically 
small, errors in the lattice point counting problem (see also the introduction of |3])- 
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1.2. Adiabatic limits. The problem mentioned above appears naturally in the 
study of the following asymptotic problem in spectral theory of differential opera¬ 
tors. 

Consider a flat torus T = f/A, where f is a real n-dimensional Euclidean space 
equipped with a Euclidean metric g and A is a lattice in £. Let E be a linear 
subspace in £ and T be the corresponding linear foliation on T: the leaf of T 
through a point a; G T has the form: 

Lx = X + F mod A. 

The direct sum decomposition £ = F ^ H, H := F^, of £ induces the correspond¬ 
ing decomposition g = gp + gn of the metric g. We define a one-parameter family 
ge of Euclidean metrics on £ by 

ge=gF + e~^gH, £ > 0 . 


We will also consider g^ as a Riemannian metric on T. 

For any £ > 0, consider the Laplace-Beltrami operator on C°“(T) asso¬ 
ciated with gg. In the linear coordinates (xi, X 2 , ■ ■ ■, Xn) on T given by a basis 
(ei, 62 ,..., e„) in f, the operator is written as 


Ae 




F. 


52 


dxjdxt ’ 


where g^^ are the elements of the inverse matrix of the matrix of the Euclidean 
metric ge in the basis (ei, 62 ,..., e„). 

The problem is to study the asymptotic behavior of eigenvalues of the operator 
Ag as £. Such a limiting procedure for the eigenvalue problem for the Laplace op¬ 
erator on a compact Riemannian manifold is often called the passage to adiabatic 
limit. In the geometric setting, the notion of adiabatic limit was introduced by 
Witten for the Dirac operator on the total space of a fiber bundle over the circle in 
1985 in the study of global anomalies in string theory. In quantum mechanics, adi¬ 
abatic limits are closely related with so-called Born-Oppenheimer approximation. 
We refer the reader to a survey paper [3] for historic remarks and references. 

Let £* denote the dual Euclidean space of £ and A* C £* the dual lattice of A: 


A* = {fc e : (fc,A) C Z}. 

The operator A^ has a complete orthonormal system of eigenfunctions 
C/fe(x) = xGT, keA*c£*, 

with the corresponding eigenvalues 

A,=47r2|fc|2_, =47r2|T-i(fc)|2_„ 

where gj^ is the metric on £* induced by g^, Tg is the linear operator on £* defined 
by the decomposition £* = F* ^ FI* via the formula (11.11) . 

Therefore, the eigenvalue distribution function N^(X) of A^ defined by 

N,{\) = G A* : Afe < A}, A G M, 

is described as 


(1-3) N,{Ap'^X)=n,{B^m, AgR, 

where ne{B^{0)) is the number of points of the lattice A* in the ellipsoid Tg{B^{Q)) 
(cf. (11.21) 1. In particular, the problem on the asymptotic behavior of ^^(A) as £ —>■ 0 
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is equivalent to the problem formulated in Section 11.11 in the case when S is the 
ball B^( 0 ). 

In [1] (see also m) the first author studied the asymptotic behavior of the eigen¬ 
value distribution function Ng{X) of the Laplace operator on a compact Riemannian 
manifold M equipped with a foliation in adiabatic limit. He computed the lead¬ 
ing term of asymptotics of N^{X) as e —?> 0 in the case when the foliation T is 
Riemannian and the metric g is bundle-like. A linear foliation on a torus is a Rie¬ 
mannian foliation, and a Euclidean metric on the torus is bundle-like. Therefore, 
one can apply the results of [Hi and obtain the leading term of asymptotics of 
Ni;{X) in the case of a linear foliation on a torus. The remainder estimates in the 
asymptotic formula for the number of lattice points ng(S) obtained in this paper 
(see Section 12.11 below) allow us to prove a nontrivial remainder estimate in the 
asymptotic formula for Ng{X) in this particular case (see Sectionbelow). 

2. Main results 

In this section, we formulate the main results of the paper. We use notation of 
Section 11.11 

2.1. Asymptotic formula and remainder estimates. First of all, we describe 
the leading term of asymptotics of n^^S) as e —>■ 0 under very general assumptions 
on S. 

Put Tf = T* n F, where T* C F denotes the dual lattice of T: 

r* = { 7 * G F : ( 7 *,r) CZ}. 

It is clear that T^? is a free abelian group. Let V be the linear subspace of F 
spanned by the elements of Tf, r = dimH. Note that Tf is a lattice in V. Let 
C R be the dual lattice of Ti?. 

Let R-*- be the orthogonal complement of R. One can show that 

= rp|R-L 

is a lattice in V^. For any a: G R, denote by the {n — r)-dimensional affine 
subspace in E passing through x orthogonal to R: 

F, =x + R^. 

Theorem 2.1. For any bounded subset S of E such that, for any 7 * G T^, the 
intersection Pj* n S' is an open, Jordan measurable subset in Fy*, the following 
asymptotic formula holds: 

(2.1) H'e(S) ~ vollR-*-/r-*-! vol„_r(F.y» n S), e —>■ 0. 

^ 7*Grj, 

We introduce the remainder Re{S) in the formula (12.11) by the formula 
R,iS) = r^E{S)--^^f^^ ^^vol„_,(F,.nS). 

It is well-known that, in lattice point counting problems, remainder estimates de¬ 
pends heavily on properties of the boundary of the domain. 
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Theorem 2.2. Let S be a bounded set in E such that, for any 7* € FJ., the 
intersection n S' is a bounded open subset in Pj- with smooth boundary. Then 

we have 

ii^(S) = e^O. 

Theorem 2.3. Let S be a bounded set in E such that, for any 7* € F^, the 
intersection P~f» C\ S is a bounded open subset in P.y- with smooth boundary. 

(1) If, for any 7* e F^ and x G E H V-^, the intersection S fl {7* + x + H} is 
strictly convex, then 

i?^(S) = 0(ei+i+2'(p-r)-‘?)^ e^-O. 

(2) If, for any 7* G Fp, the intersection P^^ n S is strictly convex, then 

i?^(S) = e^o. 

In the particular case when E is the space K” equipped with the standard Eu¬ 
clidean structure and F = IP, the results of this section was obtained in UlillS]. 


2 . 2 . Applications to adiabatic limits. Applying the results of Section 12.11 in 
the situation described in Section frm we obtain the asymptotic formula for the 
eigenvalue distribution function Ng{X) of the operator on the flat torus T = S/A 
in adiabatic limit. We will use notation introduced in Section o 

Let V be the linear subspace of £ spanned by the elements of the free abelian 
group A n F, r = dim V. Then A n F is a lattice in V. Let (A n F)* denote the 
lattice in V*, dual of A n F. 

Theorem 2.4. For any A > 0, the following formula holds as e —> 0; 


(2.2) N,{X) 

_ ^_q<V„_rVOl(S/A) f ^ 

miCvTAnlX ^ 14 ^ 

^ ' feG(AnF)*, ^ 

l'=l9-i<^vA' 



0 (e' 


l-9'1 


where uJn-r is the volume of the unit ball in M" 

The expression in the right-hand side of (1^ was recently studied by J. Lagace 
and L. Parnovski in [7]. More precisely, the authors consider the function 

S{p,k-,d,k)=u;, Y. pGR, keK'= 

|7-k|<p 

with some natural k,d with k + £ = d, i > 0. This function is treated as the 
partial density of states of the Laplace operator in M.‘^ considered as a (27rZ)‘^- 
periodic operator. For k = 0, it can be also interpreted as the integrated density of 
states of the Laplace operator in x It is clear that, as p —)• 00 , S{p, k; d, k) 
is asymptotically the volume of the ball in of radius p, S{p,'k-,d,k) ^ oJdp'^. 
In [7], upper and lower bounds for the remainder in this asymptotic formula are 
stated. These results are then used to compute the integrated density of states of 
the magnetic Schrodinger operator with constant magnetic field. 
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2.3. Anomalously small remainder estimates. In this section, we describe 
the results on anomalously small remainder estimates in the formula (I2.1|l . These 
results improve the results of [ini HU HI IS] in the situation under consideration. 

Let e = (ei,..., e^) be an orthonormal basis in a d-dimensional Euclidean space 
E. Put, for A G £, 

d 

Nme A = ]^(A, ej). 
i=i 

Let A be a rectangular parallelepiped in E and let e = (ei,..., Cd) be an orthonor¬ 
mal basis in E such that the edges of K are parallel to the vectors Ci,..., e^. We 
say that a lattice L in f in good position with respect to A, if 

inf iNme A| > 0. 
agl\{o} 

Theorem 2.5. Let S be a bounded open set in E such that, for any 7 * G LJ., the 
intersection Ay* n S' is a rectangular parallelepiped in Ay* with edges parallel either 
to A n V'^ or to H. Suppose that a lattice L-*- V'^ in good position with respect to 
Ay,, n S. Then we have 

A,(S) = 0 (|loger-'-i), e^O. 

Theorem l2.5l is an essential improvement of Theorem 1.1 from |llj for the particu¬ 
lar case of anisotropically extending domains under consideration (see Introduction 
of [4] for weaker results, obtained by a straightforward application of Theorem 1.1 
from [ 11 ) 1 . 

It was noted in B Section 7] and [5] that the effect of abnormal diminishing of 
remainder estimates is related with the fact that the domains under consideration 
are represented as a cartesian product of domains of smaller dimension. We study 
this effect in the case in question and obtain analogues of the results of [an]. 

First of all, we recall the definition of an algebraic lattice. Let A be an algebraic 
number field of degree d = [A : Q], having s real embeddings and t pairs of complex- 
conjugate embeddings. Thus, d = s + 2t. Let {aj,..., (t(} be a complete system 
of real embeddings of A in R and {cr",..., cr"} be a complete system of complex 
embeddings of A in C. Then the canonical embedding u of A in K'^ is defined by 

a : A 9 e ^ a{0 = K(e), • ■ •, <^^0, <(0, • ■ ■, x C‘ - 

If M C A is a Z-module of rank d, then the image of M under a, 

Tm = (J(M) C 

is a lattice in Such a lattice is called algebraic. A lattice T in a d-dimensional 
Euclidean space V is said to be algebraic, if there exists an orthonormal basis 
(ei,..., Cd) in V such that the image of T under the isomorphism 1 / = R*^ defined 
by the basis is an algebraic lattice in R'^. 

Suppose that the subspaces A n V-^ and H are represented as orthogonal direct 
sums 

ip e 

(2.3) AnE^=0A„ A= 0 Ay, tp += ^, 

i=^F+i 

where Ej is an Euclidean subspace of A of dimension ruj, j = 

Suppose that the lattice T-*- C V-'- is an algebraic lattice, corresponding to a 
complete Z-module M in an algebraic number field A and to an orthonormal basis 
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(ei,..., e„_r-) in V-^. We say that is in good position with respect to the 
decomposition (I2.3|l . if, for each embedding av, the image av{K) of the field K 
belongs entirely to some subspace Ej,j = 1 ,..., 

Theorem 2.6. Suppose that there is given a decomposition (12.3p of F Ci V'^ and 
H as orthogonal direct sums and the lattice r"*" is in good position with respect to 
this decomposition. Let S C E be a bounded set such that, for any 7 * S FJ., the 
intersection n S' is an open set in P.y* = 7 * + V-^ of the form 

e 

p^,ns = l[h* + Sj,^^), 

where, for any j, the set is a strictly convex open subset of Ej. 

Then, for any (5 > 0, there exists s constant Cs > 0 such that 

|i?e(5')| < C6£~ "--^~+^ |ln£|"+*+^ 

In particular, in the case when iF is a totally real algebraic number field, we 
obtain that £ = n — r, is a parallelepiped and, for any 5 > 0, 

|il-e(S)| <C5|ln£r-’'+^ 

If r = p, we have 

_ , 2 g _ g(g - i) 

^ q-£ + 2 g-£ + 2’ 

that agrees with the estimate proved in [51 Theorem 7.1]. 

The remaining part of the paper is devoted to the proof of the results mentioned 
above. We use a method developed in |4], which is based on the Poisson summation 
formula. The key point is Lemma 13.31 proved in Section 13.21 which allows us to 
reduce our considerations to the case when F/t- is trivial. The proof of this lemma 
relies on some facts about lattices in Euclidean spaces, which are given in Section 
13.11 The proofs of Theorems 12.1112.2112.31 and 12.41 are given in Section 13.31 and the 
proofs of Theorems 12.51 and 12.61 in Section 13.41 


3. Proofs of the main results 

3.1. Some facts about lattices. In this section, we provide some necessary in¬ 
formation about lattices. As above, let i? be a finite-dimensional real Euclidean 
space. Let L be a lattice in E. We say that a subspace A in E is an L-subspace, if 
X is spanned by the elements of L. It is clear that, for any L-subspace X, the set 
L{X) := Ln X is a lattice in X. 

Lemma 3.1. For any L* -subspace X in E, there is an inclusion 

(3.1) LC □ (7*+A-L). 

7*G(L*(A))* 

Moreover, for any 7 * S {L*{X))*, we have 

(3.2) :=Lf|(7*+A-L)^0. 

Here (L*(X))* denotes the lattice in X, dual of L*{X): 

(L*(A))* = { 7 * e A : ( 7 *,L*(A)) C Z}. 
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Proof. Let k G L. Denote by ttx : E ^ X the orthogonal projection on X. Then, 
for any 7 e L*{X) = L* nX, we have 

{TTxik),"f) = {k,-f) e Z. 

Theferore, •nxik) € {L*{X))*, that immediately implies (I3.1|l . 

The relation (13.211 follows from a simple fact that any linear functional £: X ^ 
K such that £{L*{X)) = i(L* fl X) C Z can be extended to a linear functional 
£ : E such that £{L*) C Z. □ 

Lemma 3.2. If X is an L* -subspace of E, then X^ is an L-subspace of E and 

vol{X-^/L{X-^)) = vo\{E/L)vol{X/L*{X)). 

Proof. Let X be an L*-subspace of E. Let {£ 1 ,... ,£n) is a basis in L* such that 
{£ 1 ,... ,£r) is a basis in L*{X). Let (/i,..., fn) be the dual basis in L. It is easy 
to see that, for j = r + 1,..., n, the vector fj belongs to X-^. Therefore, X-^ is an 
L-subspace. 

Now suppose, as above, that (£ 1 ,..., £r) is a basis in L*{X). Denote by , £*) 

the dual basis in {L*{X))*: {£i,£*) = 6ij for any i,j = 1,... ,r. Using (13.2L for any 
7 = 1,..., r, we can choose some k* & L such that nx{k *) = £*. Let (fcj*-,..., k:^_j.) 
be a basis in L{X^). Using (13.11) . it is easy to show that (fcj ,... ,k*, k ^,..., 
is a basis in L. Therefore, for the volume of the parallelepiped spanned by the 
vectors (fc*,..., fc*, k ^,..., we have the formula: 

vol„(fci, ...,k*,k^,..., J = vol(£;/L). 

On the other hand, since k* —£* G X-^ for any i = 1,...,r, and the sets {£\, ...,£*) 
and (fcj*-,..., k:^_.^) are mutually orthogonal, we get 

vol„(fci, ...,k*,k^,..., k:^_^) =vol„(£i ,... ,£*,ki,..., 

=VOl{£l,...,£*r)yo\n-r{ki,---,k^-r) 

=vol{X/{L*{X))*)vol{X^/L{X-^)). 

It remains to apply the following well-known identity 
(3.3) voI{X/L*{X))yoI{X/{L*{X))*) = 1. 

□ 

3.2. Reduction to the case -when Ti?’ is trivial. In this section, we demonstrate 
how to reduce our considerations to the case when Tj’ is trivial. As above, we 
assume that L is a finite-dimensional real Euclidean space, L is a linear subspace 
of L, H = is its orthogonal complement and T C Li is a lattice in E. 

Let V be the subspace of E spanned by the elements of Ti? = T* n F. Thus, V 
is a r*-subspace of E and Ti? = r*(U). It is clear that U is a maximal r*-subspace 
of E, which is contained in F. 

By Lemma [321 the subspace U-*- is a T-subspace of E and T-*- = r(U-*-) is a 
lattice in V^. It is easy to see that U"*~ is the minimal T-subspace of F, which 
contains H. 

First of all, observe that, thanks to dSH), we have 

TC □ Pr, 

7*erj, 
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moreover, T n Pj* ^ 0 for any 7 * £ Therefore, for any bounded subset S of E, 
we have the identity 

ne{S)= Y. #(7’e(^)n(rnp^.)), 

7*erj. 

where the sum in the right-hand side has finite number of non-vanishing terms. 
The affine subspace Py* is identified with the linear space by the map 

Uj* : V £ !->• 7 * -I- u £ Py,* . 

The space Py* is invariant under the map P^, and the restriction of Tg to Py* 
corresponds under the isomorphism Py» to the map of V-^ defined by ( 11 . 11 ) for 
the decomposition V-^ = (P (d V-^) 0 H. 

For any 7 * £ FJ^, we fix an arbitrary element fcy* £ F (~l P-y*. Then 

F n P.y. = fcy. + F^. 

Using these identifications, we obtain 

#{Tg{S) n (F n Py.)) = #{{Tg^{S n Py.) - V) n F-^), 

where, in the right-hand side, S (d Py is considered as an open subset of V^. 
Therefore, if we introduce the notation 

ne(5'nPy.,-fcy.) = #((T^-^(5'nPy.) -A:y.)nF-^) 

we obtain finally that 

(3.4) ng{S) = Yj ng{S r\Py*,-k^*), 

7‘Grj, 

An important fact about a relative position of the lattice F-*- and the subspace 
F (d U-*- of is given by the following lemma. 

Lemma 3.3. We have 

n (Pnu-^) = { 0 }, 

where F"*-* C V'^ is the dual lattice ofT^. 

Proof. By Lemma Td.II applied to the lattice L = T* and the F*-subspace X = V-^ 
we obtain that, for any 7 * £ F‘’~ , 

r* p|(7* + u) ^ 0. 

Thus, given 7 * £ F-*-* D P, there exists u £ U such that 7 * + u £ F* n P = Ff. 
Hence, 7 * + u £ U, and, therefore, 7 * £ V. Since 7 * £ V-^, we get 7 * = 0. □ 

The formula p.4l) along with Lemma 13.31 allow us to reduce our considerations 
to the case when Ff is trivial. From now and later on, we will assume that 


(3.5) 


Ff = F* (HP = {0}. 
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3.3. Asymptotic formula and remainder estimates. The proofs of Theorems 
12.1112.21 and 12.31 under Condition ()3.5p make use of a method developed in [4] and 
based on the Poisson summation formula. We describe briefly this method. 

As above, let F be a linear subspace of E and T C F be a lattice in E. Let S 
be a bounded open subset of E. For any e > 0 and v € E, we denote by v) 
the number of points of T in the domain T^{S) + v: 

(3.6) ne(F,u) = #((T,(F)+u)nr). 

Under Condition (13.51) . the asymptotic formula takes the form: 

(3.7) n,{S,v) - ^ 0. 

Therefore, the initial problem is reduced to the study of the remainder Ri;{S,v) in 
the formula (1X71) given by 

(3.8) R,iS, v) = n^{S, v) - 

Let xs be the indicator of S. It is easy to see that 
ne{S,v) = J2^E{S)+vh) = 

7Gr 7Gr 

We will write the representation of a vector x € E, corresponding to the decom¬ 
position F = F 0 iL, in the form: 

X = xf + xh, xf & E,xh & H. 

Observe that 

Tg{x) = Xf + e~^XH- 

Let pi_i G C^{E) be a non-negative function such that supppi^i C F(0,1) = 
{x G F : |x| < 1} and pix(x) dx = 1. For any > 0 and tn > 0, introduce a 
function ptp,tH S C^{E) by the formula 

(3.9) ptp^tnix) = q pitp^XF + tJj^XH), X = Xf+Xh&E. 

tp tp 

The function ptppH is supported in the ellipsoid 

B{0,tF,tH) = \x€E: ^ < ll. 

Define a function by 

■yer 

where XTe(S}+v * PtpPH ^ C'))°(F) is defined by 

{xt,(S)+v* Ptp,tH){y) = XT,{S)+v{y - x)ptp,tHix)dx, y€E. 

Je 

For any domain S C E and for any tp > 0 and tn > 0, let 

u (a: + F(0, tp, tn)), 

x£S 


and 


S.tp,-tn=E\{E\S)tp,tyy. 
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It is easy to see that, for any e > 0, > 0 and tn > 0, there is a relation 

TeiStp^Etn) — • 

Lemma 3.4 (cf. Lemma 7 in [4]). For any e > 0, tp > 0 and tp > 0, the following 
inequalities hold: 


‘^e,tp , — — ‘^e,tp ,stH : ■ 

For any function / from Schwartz space S{E), we define its Fourier transform 
/ G S{E) by 


/(C) = / 

J E 

Recall the Poisson summation formula 

(3-“) S 

k£T ^ 

where P* C is the dual lattice of P. Applying the formula (jS.lOp to the function 
(3-11) f(x) = [XT,{S,p,etH)+^ * Ptp,tH){^)^ XGE, 


and using the relations 

XTg (St p ,et rr 




we get 


(3.12) 

'^S,tp,tH {^tp,EtH ) 


We write 


£-« 

vol(£;/r) 


P e (Te(A:))pi,i(tFfcF + 

fcer* 


'n'S,tp,tH i.^tp,etH ; '^) — '^e,tp,tH (.^tp,stH i '^) + '^e,tp ,etH j 

where 

i^tF,etH ) '^) 

= yJ(E/r) e-^''"^’^’'''’xStp,stHiTe{k))pi.iitFkF FtHkn) 

' ’ k(^V,kH=0 

and 


'^e,tF,tH i^tF,etH J '^) 

= voA/r) e"2”('=’’')xStj„et^(r£(fc))/5l,l(iFfcF + tFfcF)- 

^ k&r*,kH=Ao 

Let fc G F* be such that kp = 0. Then fc G F* nF, and, by (13.5F we obtain that 
k = 0. It is in this place that we heavily use Condition (13.51) and, thereby. Lemma 
13.31 Thus, we get 

, S~‘^ ^ £“'5 

ne,tF,tH(^tF,etH,v) = (0) = 

Using the estimate 

vol„(S'tp,etH \S) < C{tF + tpe), 










ON A PROBLEM OF GEOMETRY OF NUMBERS ARISING IN SPECTRAL THEORY 11 


we obtain 

- C{tF+tHe). 

Thus, for the remainder R^{S,v) in the formula (13.7|) given by (13.81) . we derive the 
estimate 

(3.13) |i?e(S',i;)| < (c{tF + tHS) + \R'^{tF,tH)\ + \Rj{tF,tH)\j, 

where 


RfitF,tH)= E + 

k^r* 


To complete the proofs of Theorems [Q m and 12.31 it remains to estimate 
Rf{tFRH)- For this, we can use well-known estimates of the Fourier transform of 
the indicator of a bounded domain with smooth or strictly convex boundary. In 
the case when E is the space M" equipped with the standard Euclidean structure 
and F = Z", this is done in g], 0. The arguments of these papers can be easily 
extended to the case under consideration. 

For the proof of Theorem l2.41 we can use the formula (12.211 and apply Theorem l2.3l 
in the situation when E = £*, T = A* and S is the ball B^{Q). We only observe 
the identity 


vol(I/-^/r-^) = vol(f/A*)vol(E/A n E) 


vol{V/A n E) 
vol(f/A) 


which follows from Lemma 13.21 and (13.3|) . 


3.4. Anomalously small remainder estimates. This section is devoted to the 
proof of Theorems 12.51 and 12.61 If Condition (13.51) holds, these theorems are direct 
consequences of the results of mu- 

Let us begin with the proof of Theorem 12.51 Suppose that Condition dSSl) 
holds. Let S' be a rectangular parallelepiped in E with edges parallel to vectors 
Cl,..., e„ in E such that (ci,..., Cp) is an orthonormal basis in E and (ep+i,..., e„) 
is an orthonormal basis in H. The orthonormal basis (ei,..., e„) gives rise to an 
isomorphism of Euclidean spaces E = R", which sends the parallelepiped S to the 
parallelepiped So = , bj] and the lattice F to a lattice Fq in R”, which is 

in good position with respect to So (admissible in the sense of [11]). Under this 
isomorphism, the parallelepiped Te(S) -|- v goes to the parallelepiped 

p n 

re(So) -h = ]^[aj -f Vj,bj + vj] + Vj,e-\ -f Vj], 

j=i i=p+i 

where v = represented in the form 

Te(So) + v = T-K^ + X, 
where K” = 0^=1 [“5> 5 ] is the unit cube in R”, 


T = (ti,...,t„), 


bj-Uj, j = l,...,p, 

e-^{bj-aj), j =p+l,...,n, 
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and 


bj-\-a 





j = 

j =p+l,...,n. 


Therefore, one can apply Theorem 1.1 from m. which implies that 
Re{S,v) < c[log(2 + |NmT|)]"-i < Clloger-^ 


The proof of Theorem 12.61 when Condition (13.5|) holds is a direct consequence 
of the following result (see Theorem 13.51 below), which is a minor generalization of 
Theorem 7.1 in [9]. 

Let us consider a finite-dimensional Euclidean space E represented as a orthog¬ 
onal direct sum 


(3.14) 


£ 


1=1 


where Ej is a subspace in E of dimension rrij, j = Suppose that a lattice 

r C E is an algebraic lattice in E, corresponding to a complete Z-module M in 
an algebraic number field K and an orthonormal basis (ei,..., Cn) in E. Then we 
have an isomorphism 

E = X C*, s -|- 2t = n, 

which defines a norm function Nm^ in E: for any X G E, corresponding under the 
above isomorphism to {x'l,... ,x'g,x'{,..., x'/) S M® x C‘, 


NuieX = \x'J 

a=l 13=1 

We define the product of vectors X = {x[,... ,x'g,x'(,... ,x'[) G M® x C‘ and 
y = (yi,..., yi, y'/,..., y") G R® x C‘ as follows: 

X -Y = {x[y[, x(,y', x”y ”,..., x"y”) G R® x C*. 


It is easy to see that Nm^ X -Y = Nme X Nm^: Y. 

For an open set S' in i? = R® x C‘ and a vector T G R® x C*, denote by T ■ S 
the set obtained by the multiplying each point of S by T, NmT ^ 0. Observe that 
vol (T-S) = |Nmr|vol(S) 

Suppose that a lattice T is in good position with respect to the decomposition 
(I3.14|) . that is, for each embedding cr^, the image <Jv{K) of K is entirely contained 
in one of subspaces Ej,j = !,...,£. Then, for any j = the subspace Ej 

is invariant under the multlitiplication by T G R® x C*. In particular, there is a 
natural isomorphism 

Ej = R®J X , Sj + 2tj = ruj . 

Let S be a bounded open subset in E. For any T G R® x C* and v G E, we 
denote by nT{S,v) the number of points of T in the domain T ■ S + v: 

(3.15) nT(S,u) :=#((r.S)+u) nr), 

and by Rt{S,v) the remainder in the asymptotic formula for nT{S,v): 

Rt{S, v) := nriS, v) - ^;^i^vol (T • S) = uriS, v) - ^^||^vol (S). 








ON A PROBLEM OF GEOMETRY OF NUMBERS ARISING IN SPECTRAL THEORY 13 


Assume that the set 5 C i? is a cartesian product S = 0^=1 where, for any 
j, the set Sj is a strictly convex bounded open subset in Ej. 

Theorem 3.5. For any <5 > 0, the following estimate holds: 

< C'5|Nmr|F^ln'*+‘+'5(2+ |Nmr|). 


The proof of Theorem 13.51 is obtained by a straightforward generalization of the 
proof of Theorem 2.2 in [9] (see also the proof of Theorem 7.1 in [9]). 

Now the proof of Theorem 12.61 is completed as follows. Suppose that Condition 
dMl) is valid. In the case under consideration, the operator is represented as 
Tg{X) = Tg ■ X with some G K® x C‘, moreover, NmT^ = Therefore, 


Theorem 12.61 follows immediately from Theorem 13.5 




ne{S,v) - 


r-9 


voi(A/r) 


vol (S) 


< e 


n-r-^+2 


Ine 
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